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Abstract

In previous work, we defined a notion of probabilistic 1/O automata (PIOA), and
we showed that certain functions, which we called “probabilistic behavior maps,” con-
stitute a compositional semantics for PIOAs that is fully abstract with respect to a
notion of testing equivalence. We also observed that information about completion
probability and expected completion time for a “closed PIOA” can be extracted from its
behavior map.

In the present paper, we greatly extend and refine our previous results, thereby
obtaining a practical method for computing completion probabilities and expected
completion times. Our method is compositional, in the sense that it can be applied to
a system of PIOAs one component at a time, without ever calculating the global state
space of the system. The method is based on symbolic calculations with vectors and
matrices of rational functions, and it draws upon a theory of observables, which are
mappings from delayed traces to real numbers that generalize “formal power series”
from algebra and combinatorics. We define rational observables to be those satisfying
certain conditions, among which is the condition that a certain vector space of “deriva-
tives” be finite-dimensional. Central to the theory is a notion of representation for
an observable, which generalizes the notion “linear representation” for formal power
series. We prove that the representable observables coincide with the rational ones;
this generalizes to observables a result of Carlyle and Paz equating the recognizable
series with those whose “syntactic right ideal” has finite codimension. We also present
a minimization algorithm for representations of observables that generalizes a result of
Schiitzenberger for formal power series. The minimization algorithm is applied in our
analysis method to limit combinatorial explosion that would otherwise occur.
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1 Introduction

In our previous paper [WSS97], we defined the class of probabilistic 1/0O automata (PIOA),
which are a model for distributed or concurrent systems that incorporates a notion of prob-
abilistic choice. The basic intuition underlying the model is the following: the time a PIOA
spends in a state before performing its next action is described by an exponentially dis-
tributed random variable whose parameter (the so-called delay parameter) depends on the
state. Under an independence assumption, a simple composition rule can be given for pro-
ducing, given a collection of interacting PIOAs, a single “composite” PIOA representing the
entire system.

We also showed how to associate with a PIOA a probabilistic behavior map, which in a
sense represents the externally observable aspects of the behavior of the PIOA. We showed
that behavior map semantics is compositional, in the sense that the behavior map associated
with a composite PIOA is uniquely determined by the behavior maps associated with the
components. We further showed that, for PIOAs satisfying a certain “delay restriction”
concerning their internal actions, behavior map semantics is also fully abstract with respect
to a behavioral equivalence based on a notion of probabilistic testing.

As a byproduct of the way of way probability is represented in the PIOA model, it is
meaningful to consider certain aspects of timing for PIOA executions. In [Wu96], it is noted
that the expected time for a PIOA to complete a specified finite sequence of actions (called a
trace) can be extracted from the probabilistic behavior map associated with that automaton,
and this idea was applied there to analyze some examples.

Certain limitations inherent in our previous work restricted its applicability as a method
for analyzing expected completion times in a practical setting. A major problem was that
our theory only supported “one trace at a time” analysis: given a PIOA A and a finite trace,
the expected time for A to complete an execution having that trace could be determined, but
the theory did not provide any useful method by which to specify an infinite set of traces and
to determine the expected time for A to complete some execution having one of the traces
in that set. The latter problem, rather than the former, is the type of timing analysis that is
more often encountered in practice. Another problem was that timing analysis could not be
performed on a system of PIOAs “one component at a time”; essentially, a full description
of the global state space system had to be constructed and the timing information extracted
from that. Any “non-compositional” analysis method that requires the construction of the
global state space of a system will in general only be able to handle very small systems, due
to the exponential growth of the state space as the number of components increases.

In this paper, we present a new theory and associated analysis methods that overcome
the limitations inherent in our previous work. One important part of our new theory is a
revised definition of probabilistic behavior map which does not have the “trace at a time”
limitation of our previous version. Our new definition makes use of a new notion of delayed
trace, which generalizes to PIOAs the standard notion of the trace of an execution of an
automaton, so that certain probabilistic scheduling information is represented along with



the sequence of actions. An observable is defined to be a function from delayed traces to real
numbers. The behavior of a PIOA is defined to be a transformation of observables; that is, a
mapping from observables to observables. Our revised definition of PIOA behavior admits a
much simpler compositionality result (Theorem 1) than the previous version. In particular,
we show that the behavior of the composition of “compatible” probabilistic /O automata
is given by the ordinary function composition of the corresponding behaviors.

We show (Lemma 3) that information about completion probability and expected comple-
tion time for a “closed” PIOA A can be obtained by applying its “empty alphabet behavior”
B to appropriate observables. In particular, given a set T' of finite action sequences, pair-
wise incomparable with respect to the prefix relation, one can define an observable 117, such
that the value of Bg‘HT on a delayed trace (0) having no actions, is the probability of the set
of executions of A whose delayed traces lie in the upward closure of 1" with respect to the
prefix relation on delayed traces. We also define the “expected completion time” for A with
respect to T' to be the expected time for A to complete some execution having a delayed
trace that “just reaches” the set T', and we show that, for a particular observable )7, this
time is given by the value of B;'Qlr on the delayed trace (0).

The above results suggest a naive approach to computing completion probability and
expected completion time for a system of PIOAs: construct the composite PIOA representing
the entire system, then evaluate the result of applying the behavior map for that system to
the observables Ily and Q7 and then to the empty delayed trace (0). There are two problems
with this approach: (1) the evaluation of the probabilistic behavior map involves computing
the value of a summation over a very large (and potentially infinite) set of executions for the
system; (2) the method requires the construction of the full global state space for the system.
We can avoid problem (1) by observing that the desired summation can be obtained, without
enumerating executions, by solving a system of linear equations that can be constructed from
the state space of the automaton. In fact, the resulting method works quite well for small
systems. However, the size (number of variables) of the system of equations grows linearly
with the number of global states, hence this method will use too much space to be useful for
large systems.

It turns out that we can do much better than the naive approach described in the previ-
ous paragraph. In particular, we can compute the result of applying the behavior map for a
system to a specific observable like Il or Q7 without enumerating executions, by working
compositionally, “a component at a time,” in such a way that the global state space is never
constructed. This method is based on the realization that the observables I+ and €2 can be
represented in a certain way by a by a kind of automata, having states in a finite-dimensional
vector space over the reals, that execute on delayed traces. We call such observables rep-
resentable. We also show (Theorems 3 and 4) that the class of representable observables
is closed under the application of PIOA behaviors, and that the result of applying a PIOA
behavior to a representable observable can be effectively computed in terms of a construction
on representations. Although this construction is a kind of “product construction,” which
produces an output representation whose size depends on the product of the size of the input



representation and the number of states in the PIOA, we can mitigate the blow-up in size by
applying a minimization algorithm to the result. We present a minimization algorithm (The-
orem 5) that, given the representation of an observable as input, outputs a representation
that in a sense has minimum size over all representations of the same observable.

Our theory of observables and their representations can be seen as a generalization of work
by Carlyle and Paz [CP71], Schiitzenberger [Sch6la, Sch61b], and others (see [BR84] for ref-
erences), on formal power series and linear representations. In particular, our “observables”
generalize “formal power series,” our “representations” generalize the “linear representa-
tions” for formal power series, and our “representable observables” generalize “recognizable

7 We define a class of rational observables, which are those for which an associated

series.
space of derivatives is a finite-dimensional vector space, and we show (Theorem 2) that
an observable is rational if and only if it is representable. This in a sense generalizes to
observables a result of Carlyle and Paz [CPT71], which equates the recognizable series with
those whose “syntactic right ideal” has finite codimension. Our minimization algorithm for
representations of observables corresponds to a result of Schiitzenberger [Sch61la, Sch61b] for
formal power series. The novel aspects of our work are: (1) the introduction of “delayed
traces” as a generalization of “words over a finite alphabet”, and “observables” as a gener-
alization of “formal power series”; (2) the recognition that “transformations of observables”
yield a compositional semantics for PIOAs that is expressive enough to permit the treat-
ment of expected termination time; (3) extension of the theory of “linear representations of
formal power series” to a theory of “representable observables”; and (4) use of the theory of
representable observables as a basis for deriving compositional algorithms for the analysis of
PIOAs. Though closed PIOA’s are examples of continuous-time semi-Markov processes [?],
and as such have a variety of well-developed analysis techniques applicable to them, we are
not aware of such techniques that do not have as a prerequisite the construction of a global
system description such as a transition matrix or flowgraph.

In other related work, Campos et al. in [CCM97] present BDD-based algorithms that
determine the exact bounds on the delay between two specified events and the number
of occurrences of another event in all such intervals. Segala et al. [LSS94, PS95] have
developed a method for the analysis of the expected time complexity of randomized dis-
tributed algorithms. The method consists of proving auxiliary probabilistic time bound
statements of the form U-—{t,p}— U’, which mean that whenever the algorithm begins
in a state in a set U, it will reach a state in set U’ within time ¢ with probability at
least p. Finally, a number of “stochastically timed” process algebras and Petri net for-
malisms have been proposed for the performance analysis of concurrent systems, including
[MBC84, GHR93, Hil96, Pri96, BDGI8]. In the case of process algebra, these approaches
are sometimes referred to as “compositional” in the sense that a composite stochastic system
can be specified algebraically in terms of its components.

The remainder of this paper is organized as follows: Section 1 is devoted to the basic
definitions and theory of PIOAs and probabilistic behavior maps. Section 2 treats rational
observables and their representations. Section 3 considers a simple example of the use of the



techniques.

2

2.1

Probabilistic I/O Automata and Their Behaviors

Probabilistic I/O Automata

In this section, we recall the basic definitions from [WSS97], to which the reader is referred
for additional details and discussion. We give here simplified versions of the definitions,
which are equivalent to those of [WSS97] in the case of finite PIOAs, which are all that we
consider in the present paper.

A finite probabilistic /O automaton is a quadruple A = (Q, ¢*, E, A, i1, ), where

() is a finite set of states.
q' € Q is a distinguished start state.

E is a finite set of actions, partitioned into disjoint sets of input, output, and internal
actions, which are denoted by £, E°U and E'™, respectively. The set E'°¢ = Fout U
E™ of output and internal actions is called the set of locally controlled actions, and
the set F°* = " U [°U is called the set of external actions.

A C Q x ExQ is the transition relation, which satisfies the following input-enabledness
condition: for any state ¢ € @) and input action e € E™, there exists a state r € @
such that (¢,e,r) € A.

o (Q x Ex Q) — [0,1] is the transition probability function, which is required to
satisfy the following conditions:
L. wu(g,e,r) > 0iff (g,e,r) € A.
2. Yreomlg.e,r) =1, for all ¢ € Q and all e € E™.
3. For all ¢ € Q, if there exist ¢ € E' and r € Q such that (¢,e,r) € A, then
ZreQ ZeeEloc /«L(% €, 7“) =1,

d:Q — [0,00) is the state delay function, which is required to satisfy the following
condition: for all ¢ € ), we have §(q) > 0 if and only if there exist e € £ and r € Q
such that (¢,e,r) € A.

A finite execution fragment for a probabilistic I/O automaton A is an alternating sequence
of states and actions of the form

=) €1 €n—1
Qo—GQ——> - —n,

such that for each k£ with 0 < & < n, one of the following two conditions holds:



1. ex € E and (qk, €k, qrt1) € A.

2. e € F and qr11 = qp.

An execution fragment with gy = ¢! (the distinguished start state) is called an execution.

In case (1) above, we say that action ey is a native action of A, and that the triple
(G, €k, qr41) 1s a native transition of A. In case (2), we say that ey is a non-native action of
A and that (g, €k, qe+1) is @ non-native transition of A. We often use the notation qkiﬂ]kﬂ
to assert the disjunction of conditions (1) and (2) above. We adopt a convention whereby
can be applied to triples (¢, e, 1), where e is a non-native action of A, by defining 1(q,e,q) =1
and p(q,e,r) = 0 for all other r € (). We use the terms native execution fragment and native
execution to refer to an execution fragment or execution of A in which only native actions
appear.

If o denotes an execution fragment as above, then we will use o(k) to denote the state
qr, for 0 < k < n, and we will use o(k,k + 1) to denote the action e, for 0 < k < n. We
use the term trace to refer to a sequence of actions. If ¢ is an execution fragment as above,
then the trace of o, denoted tr(o), is the sequence of actions egey ... €,-1 appearing in o.

2.2 Composition

A finite collection { A; : 7 € I'} of probabilistic [/O automata, where A; = (Q;, ¢}, By, A;, i, 6;),
is called compatible if for all i,5 € I, 1 # j, we have £ N E;’“t = and EM N E; = (.
We define the composition ||;c1 A; of a finite compatible collection to be the probabilistic I/O
automaton (Q, ¢, B, A, i, §), defined as follows:

o Q= |lies@s.
o ¢'=(q:iel).
o [V = ;s Ei, where
Bevt = | Bt Bt = | ) B En = (| B\ B

el el el
A is the set of all ({(¢; : ¢ € I),e,(r; 1 € I)) such that for all i € [, if e € E;, then
(gi,e,1) € Ay, otherwise r; = g;.
6((qi s 1 € 1)) = Yier 6l i)
o If e € B™, then

p({givel)e(riziel)) = qui(qi,e,ri).

If ¢ € El°° for some k, then

. , 8k (
p({gizi € )ye(rizi€l)) = kgk H/,LZ (qi,e,r:).
ZZEI ( Z el



We use the notation A||B to denote the composition ||[{A, B} of a compatible 2-element set
of PIOAs.

As discussed in [WSS97], the definitions of g and ¢ above reflect the intuition we wish
to capture concerning the execution of a system of PIOAs. Upon arrival in a state, a
component PIOA chooses randomly the length of time it will spend in that state before
executing its next “locally controlled” transition. The random choice is made according to
an exponential distribution described by the delay parameter associated with that state, and
it is made independently of the other PIOAs in the system. The definitions of y and ¢ for
the composite system express the idea that the various component PIOAs are in a race to
see which of them will execute the next locally controlled action. This competition will be
won by the component that has chosen the smallest delay time, and the probability that any
given component will win the competition is given by the ratio of the local delay parameter
for that component over the sum of the local delay parameters for all components. The time
the system remains in a particular global state before executing the next locally controlled
action is the minimum of the times that each component spends in its respective local state.
This time is governed by an exponential distribution, whose parameter is the sum of the
parameters of the distributions for each of the components.

2.3 Probability Space

In [WSS97], we showed how a closed PIOA A (one with no input actions) induces a proba-
bility space over the set of all its executions. If ¢ is a finite execution of A, of the form:

e e €n—
QO—O>Q1—1> . —gqn,

then let [o] denote the set of all executions of A having o as a prefix. The measurable sets
of executions are those generated by declaring each set [o] to be measurable and closing up
under countable unions and complement. The probability measure pr, is the extension, to
the full class of measurable sets, of the mapping that assigns to each set of the form [o] the
quantity

n—1

pa(o) = H (ks €ks Grt1)-
k=0

Note the difference between pr,, which is a countably additive set function defined on the
class of measurable sets of executions, and py4, which is a function from finite executions to
real numbers. In this paper, we shall also be interested in the related function wa(o) on
finite executions, defined by:

wa(o) = II  dalaw) | palo).
{k:ex€ER}

We call w4 (o) the weight of the execution o. Although the definition of w4 may at first seem
somewhat ad hoe, it turns out that w4 behaves in a more convenient fashion than pa(o)

7



when considering the composition of PIOAs. In particular, w4 has the useful property stated
in Lemma 1 below.

2.4 Delayed Traces, Observables, and Behaviors

Let F be a set of actions. A (finite) delayed trace a over E consists of an alternating sequence
of the form:

€n—1

do&dlg Ce —>dn,

where the dj are nonnegative real numbers and the the e are actions in £. The sequence
€0y €1, - .. €n—1 18 called the trace of o, and we sometimes denote it by tr(«). The sequence
do,dy,...,d, is called the sequence of delay parameters of a. We often use the notation (k)
to denote dj, and the notation «(k, k + 1) to denote e,. The number n is called the length
of a, and we denote it by |a].

We use DTraces(E) to denote the set of all delayed traces over £. We also use the
notation (d)g, or just d, when F is clear from the context, to denote the empty delayed trace
in DTraces(F), consisting of the single delay parameter d and no actions.

Suppose o € DTraces(E). If EF C F’, then a delayed trace o/ € DTraces(E') is a
refinement of o, and we write o/ > «, if there exists a monotone injection

¢:{i:0<y<|al} = {k: 0 <k <o’}
such that ¢(0) = 0 and such that the following conditions hold:
L a(0()) = 1,¢(j)) = a(j = 1,7) for 0 < j < |af.
2. o/(k—1,k) € E'\ E for all k outside the image of ¢.

3. o'(k) = { a(y), for 0 < j < |a|and ¢(j) <k < (5 + 1),
. a(|a|), for ¢(|a|) <k< |O/|.

Figure 1 (a) depicts graphically the refinement relationship between o’ and a.
Suppose A is a PIOA. If « is a delayed trace over F, then an execution o of A is
conformant with «, and we write o o «, if there exists a monotone injection

61 0< <o} = (h:0< k< o)
such that ¢(0) = 0 and such that the following conditions hold:
Loo(o()) = 1L,¢(y)) = a(j —1,j) for 0 <j < al.

2. o(k—1,k) € E4\ F, for all k outside the image of ¢.



o dg do dy dy do do dm—1 d n—l jln
y
(a) refinement
ag ay as [ P—
o do d; do ds3 dp—1 7 dm
> - > —_—
(b) conformance
A
a{] ag al2 ay afl [ P— aln_l
- 90 a1 a2 RS Q4 g5 In—2 dn—1 dn
(c) combination
‘ 7 7 7 7
ag ag ay ay ay [ P— a4
s a > > > > > > >
do + d8(q0) do+d(q1) di +68(g2) di+d(gz) dz2+3(qa) da+d(gs) dm—1+ d(gn-2) dm + 6(qn)

dm + 6(qn—1)

Figure 1: Refinement, Conformance, and Combination

It is easy to check that if o oc «, then there is exactly one monotone injection ¢ that satisfies
these conditions. Figure 1 (b) depicts graphically the conformance relationship between o
and o.

Suppose a € DTraces(F) and o o« a, with ¢ the corresponding monotone injection. Then
the combination of o and « is the delayed trace o @& o € DTraces(E U FEy4) of the form:

do—dy 5 ... 5,
where
l. ex =o(k,k+1) for 0 <k <ol

5 d, — { da(o(k)) + a(y), for 0 <j <|aland ¢(y) <k <é(j+ 1),
' da(o(k))+allel),  for ¢(la]) <k <|al.

Figure 1 (c) depicts graphically the result of combining ¢ and a.
An observable over a set of actions F is a mapping:

¢ : DTraces(E) — R.

If Ais a PIOA and F is a set of actions, then the F-behavior of A is the transformation of
observables:

Bi : (DTraces(E U E4) — R) — (DTraces(E) — R)



defined by:

Bpba =Y ®(c @ a)wa(o).
In general, Ba®a will not be defined for all ® and «, because the defining summation above
need not converge.

2.5 Compositionality

We now prove a compositionality result that shows how the behavior Bg'B for a composite
PIOA A|B can be derived from the component behaviors B and BguEA for the PIOAs A
and B, respectively.

We first establish a technical lemma.

Lemma 1 Suppose A and B are compatible PIOAs. Then, given a delayed trace o, the set
of all executions o of A|B such that o o «, is in bijective correspondence with the set of all
pairs of executions (o4, 0P), where o is an execution of A such that o o« «, and oP is
an execution of B such that % x (04 @ a). Moreover, whenever o corresponds under the

bijection to the pair (o4, 0B) we have:
U@a:UB@(UA@a) and WA|B(U):WA(UA) WB(UB).

Proof — The bijection is given by the mapping that takes an execution o of A|B, of the
form:

(QO7QO) (QI7QI )—> —>(Q§7QE)7

A B B

to the pair (0, 07), where o” is the following execution of B:

B €o
QO —>q —> —>qn 9

and o is the execution
eko

qk0—>qk1—> : —> kmﬁqnv

where kg < k1 < ... < k,, is the sequence of all indices k with 0 < k < n for which either
er € E4 or else e € Fp.
To describe the inverse mapping, suppose (o4, 08) satisfies 04 oc @ and o o (¢4 @ ).
Let
¢:{j:0<j< o @al} = {k:0<k<|o7]}

be the monotone injection that exists due to the relationship o oc (6 @ ), and for each
k with 0 < k < |0P], let jx be the greatest j such that ¢(j) < k. Then it is easy to
see that there is an execution o of A|B uniquely defined by the conditions |o| = |o?|,

o(k,k+1) =08k, k+1) for 0 <k < |o|, and

[ (o). 0Pk | and 6() < k < 6 + 1),
U(k>_{(aA(| 1),

) for 0 <j < |a
) < k<ol

)
B(k)),  for ¢(]o]

10



that this execution correponds to the pair (04, %) under the map defined above, and satisfies
the relationship:
cha=c"@(c"®a).
To verify the identity
wap(o) = wa(o?) wa(o?)

for o corresponding to (o, oP), suppose o has the form

(0, a0 )~ (qi a0) (a3, a7) - .. ==, aP).

We compute as follows, using the definition of A||B:

wag(o) = T dasla.a) (nl:[ MA||B((QfaQE)a€ka(Qfﬂa%]fﬂ)))

{k:ekEE}XﬁB} k=0

= II Sa(qi) + 08(qf)

{k:ey €FRUES}

n—1 n—1
(H /“LA(QI?v €k, qg—l—l)) (H /“LB(Qka €k, QkB—l—l))

0 da(qf) 0 dn(qf)

trepensey 04(a0) +08(al) |\ iy 9alail) + dm(af)

n—1 n—1
= (H MA(QI?7€]€7QI?—|—1)) (H luB(qu7ek7QkB+1))

T 6algd) II  ds(at)
{k:ekEEigc} {kiekeElgc}

= WA(UA) WB(UB).

In the last step, we have made use of the fact that

(ﬁﬂA(QfaekaQ?ﬂ)) [T dala) | =wale?)

k=0 {k:ekEEigc}

Even though o4, in general, will be shorter than o®, the fact that o x (04 @ a) means that
any actions in ¢ that are not also in ¢ will be in Eg \ E4. Thus, if e is such an action,
corresponding to the transition (g;, q,]f)&(qﬁ_l_l, gp,1) in o, then by the defining conditions
for o, the transition qﬁiﬂ],ﬁ_l of A is a nonnative transition of A. Since p4 by definition
has value one on nonnative transitions, it follows that we may drop the ¢, term from the

11



first product. Since we cannot have e, € E'%° if ¢4 is nonnative for A, the second product
does not contain any ¢; term. The stated fact follows immediately. g

Theorem 1 Suppose A and B are compatible PIOAs, and E is a set of actions. Then

Al|B A B
BaV¥ = BioBE,, .
Proof — We compute, using the definitions of B, BguEA, and Bg”B:

(BioBE, )00 = (BABE,,,®))a
= > (BgUEA(I)(O-A T a)) wa(o?)

CTAO(OZ

= AE > (0”& (0" @ a)) wi(o?) wa(o?)

cloxa oBx(cAPa)

= > ®(o®a)was(o),

where we have used Lemma 1 in the last step to replace the double summation by a single
: : . Al|B
one. But the last expression above is precisely B;" ®a. |

The following corollary is worth noting. It expresses a commutativity property of behavior
composition that derives from the more obvious commutativity property A||B = B|A of
PIOA composition.

Corollary 2 Suppose A and B are compatible PIOAs. Then
BéoBgUEA :BgoBéuEB'

The above definitions and compositionality result are a generalization and simplification
of those in [WSS97]. For a fixed action sequence u, the definition given in [WSS97] for the
probabilistic behavior map &4 was as follows:

£ l9(D)] = Zd:g(d)pf(d),

where the index of summation d ranges over RI“*! where g : RI“F! — R, and where p(d)
denotes the summation of p4(o) over all executions o with action sequence u and sequence
of delay parameters d. We now recognize that v and d are best regarded as two attributes of
a single, more general entity (a delayed trace), that g should be correspondingly generalized
(to an observable @), and that £ is properly regarded as a transformation B3 of observables.
In addition, we see that the correct place for the summing of delay parameters to appear is in
the definition of B4, rather than in the compositionality law, and that the ugly “correction
factor” h(d#,dP) appearing in the compositionality law proved in [WSS97] can be made to
disappear if the definition of B uses the “weight” w4 (o), rather than the probability pa(o).

12



2.6 Completion Probability and Expected Completion Time

We are interested in calculating the expected time taken for a PIOA A to perform a finite
execution having an action sequence in a specified set, which in general will be infinite.
To avoid ambiguity surrounding executions that “complete” multiple times in the sense of
having more than one prefix with an action sequence lying in the specified set, we restrict
our attention to sets of action sequences that are pairwise incomparable with respect to the
prefix relation.

Formally, we define a target set to be a set T' of finite sequences of actions that is pairwise
incomparable with respect to the prefix relation. We write 7' 1 to denote the upward-closure
of T' with respect to prefix.

Suppose T C E* is a target set. The characteristic observable of T is the map yr :
DTraces(F) — R defined as follows:

1, if tr(a) €T

0, otherwise.

(o - {

Two other observables will be of interest to us. The probability observable is the map II :
DTraces(F) — R defined by:

The completion time observable is the mapping (2 : DTraces(E) — R defined by:

lor|—1 1 lor|—1 1
If T is a target set, then we define:
7 () = M(a)xr(a) Qr(a) = Qa)xr(a).

If Ais a closed PIOA, and T is a target set, then the completion probability pr (A, T') for
A with respect to T is the quantity:

pr.(A,T) = pry{o : o native, tr(c) € T 1}.
We say that A almost certainly completes T', if pr (A, T) = 1.
Lemma 3 Suppose A is a closed PIOA, and T is a target set. Then
pro(A,T) = By'llz (0),

where (0) denotes the delayed trace with no actions and zero as its sole delay parameter.
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Proof — We compute:

BfHT 0) = Z(:) Hy(o & 0) wa(o)
lo|—1 1
- (H 5A<a<k>>) w4(o)
tr(c) €T
= ). palo)
o) O

= pry{o: o native, tr(c) € T 1}
= pr(A,T),

where in the first line we have used the definition of B4, in the second line we have used the
definition of IIy and the fact that if o o (0), then tr(o & (0)) = tr(o), and in the third line

we have used the fact that, for A closed, if o oc (0), then every action in o is in £'°°, hence
lo|—1 1
ae— WplO ) = Ppalo),
W 5o ) vl =rate)

and in the fourth line we have used the definition of the probability measure pr, and the
fact that if o o< (0), then o is a native execution of A. j

If Ais a closed PIOA, and T is a target set such that A almost certainly completes T,
then the expected completion time exp (A, T) for A with respect to T is the quantity:

lo| -1 1
exp (A, 1) = Uni:ve (];) W) pa(o).
tr(o) €T
Lemma 4 Suppose A is a closed PIOA, and T is a target set. Then
expe(A,T) = B0z (0),
Proof — We compute:

ByQr (0) = Z(:) Qr(o©(0)) walo)

ol ol-1
- X (Z 5A<a<k>>) (H 5A<a<k>>) walo)

o native

tr(c) € T

14



lo]—1 1
S (Z 5A<a<k>>) pa(?)
tr(c) € T

= exp.(A,T),

using similar reasoning to that of Lemma 3.

3 Computing Expected Completion Time Composition-
ally

In this section, we develop the theory of “rational observables,” and show how this theory,
together with that of the previous section, can be used to obtain a compositional method
for computing expected completion time.

3.1 Rational Observables and Their Representations

Let Obs(FE) denote the set of all observables @ : DTraces(F) — R. Then Obs(F) is a a

vector space under the usual pointwise addition and scalar multiplication:
(® 4 9)(a) = ®(a) + ¥'(a). (a®)(a) = a(®(a))

Suppose ® : DTraces(E) — R is an observable. If d € R and a € E, then the derivative
of ® by d and a is the observable ®, a, defined by:

P, o (a)= ®(d—sa),
where if « is the delayed trace:

do—25d 2 ... 228,
then d—+a denotes the delayed trace:

d—2sdy-25d, S 22

Lemma 5 For all d € R and a € E, the mapping taking ® € Obs(F) to its derivative
®, o, € Obs(L) is a linear transformation on Obs(E).

Proof — Simply observe that, for a fixed d € R and a € F, for all ® and " in Obs(F), and

c and ¢ in R, we have:
(c® + c'q)’)d_g(oz) = (c®+ c’q)')(d#oz)
= c®(d—a) + O (d—a)
= ¢® a_}(oz) + 0 o (o).

d— d—
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If S is an arbitrary subset of Obs(F), then define
DS ={®,. :®c S, deR,acl},

and let D*S denote the least subspace of Obs(F) containing S and satisfying D(D*S) C D*S.
Define an observable ® € Obs(F) to be rational if the following three conditions hold:

1. The space D*® is a finite dimensional subspace of Obs(F).

2. For all U € D*®, the quantity W(d) (the value of ¥ on the delayed trace of length zero
with single delay parameter d) is a rational function of d.

3. For all W € D*®, all « € E, and all linear maps L : D"® — R, the quantity ¥, « L is
a rational function of d (note that we denote the application of a linear transformation
by writing it to the right of its argument).

Define the dimension of a rational observable ® to be the dimension of D*®.
Lemma 6 [f ® € Obs(F) is rational, then every element of D*® is rational.

Proof — By construction, every element of D*® can be expressed as a (finite) linear combi-
nation of derivatives of ®. It is easy to check that a linear combination of rational observables
is again rational, so it remains to be shown that if W is a rational observable, then ¥, o, is
also rational, for all d € R and « € E. We simply verify that conditions (1)-(3) hold for
W, «,. For condition (1), observe that clearly we have D*W a, € D"V, hence the dimension

Ode*\I/d_a_> can be no greater than that of D*W, which is finite. For condition (2), note that
the map “evaluation at (d’),” which takes W to W(d'), is linear. Thus, since W is rational,
the quantity W, o (d') is a rational function of d'. Finally, for condition (3), recall that the
map taking W to its derivative W, o, is linear. Thus, if L : D*® — R is linear, then so is the

map taking ¥ to ¥, « L. Since W is rational, the quantity ¥, « L is a rational function of
d— ’ d—

d. n

Let Rat(x) denote the set of all real-valued rational functions of a single real parameter .
For n a nonnegative integer, an n-dimensional representation of an observable ® € Obs(F)
consists of

¢ An n-dimensional row vector C' with entries in R,
e An n-dimensional column vector D(x) with entries in Rat(z),

e For each a € F, an n x n matrix M,(x), with entries in Rat(z),
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such that for all delayed traces o € DTraces(E), the quantity ®(«) is given by the formula:

-1

Oa) = C ( 11 Ma(k,k+1>(a(k))) D(a(|al)),

k=0

An observable ® € Obs(F) is called representable if there exists a n-dimensional representa-
tion of ®, for some n.

A representation is essentially a kind of automaton that computes a function on delayed
traces (i.e. an observable). The states of the automaton are n-dimensional row vectors of
real numbers, with the vector C' serving as the initial state. If the automaton is in state X,
and the initial portion of the input is d—, then the automaton multiplies the current state
vector by the matrix M,(d), and advances the input pointer. Upon reaching the end of the
input, if the current state is X and the single remaining delay parameter is d, then the row
vector X is multiplied by the column vector D(d), to obtain a scalar, which becomes the
output produced by the automaton.

Lemma 7 A triple (C, D(x),{M,(x) : a« € E}) is an n-dimensional representation of an
observable ® € Obs(E) if and only if there exists a linear transformation R : R™ — Obs(FE)
such that the following conditions hold:

1. CR=29.
2. XD(d) = (XR)(d), for all X € R™, and all d € R.
3. XM, (d)R = (XR),a,, forall X € R", alld € R, and all a € .

Proof — Suppose (C, D(x),{M,(x) : a« € E}) is an n-dimensional representation of ®.
Define the map R : R™ — Obs(FE) so that for each X € R"™, the observable XR € Obs(F) is
defined by the condition of having (X, D(x),{M,(z) : a € E'}) as a representation. Observe
that if X and X’ are in R”, then for any delayed trace oo € DTraces(E) we have:

] -1
(eX +X') kl:[ Mo pany(a(k)) | Dia(]al))
] -1
= C{X (kl:[ Ma(k,k+1>(a(k))) D(a(|a|))}

o1
+c {X’ (kl:[ Ma(k,k-l—l)(a(k))) D(a(|a|))},

thus showing (¢X + ¢ X')R = ¢(XR) + ¢(X'R); that is, R is linear. Clearly, CR = &,
showing that condition (1) holds. Also, (XR)(d) = X D(d) is immediate by the fact that,
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by construction, (X, D(x),{M,(z): a € E}) is a representation of X R, hence condition (2)
holds. To see that condition (3) holds as well, observe that

-1

(XM (d)R)(a) = XM(d) ( 11 Ma(k,km(a(k))) D(a(|al))

= (XR)(dé;)
— (XR), . (a).

Conversely, suppose we are given (C, D(x),{M,(z) : a € E}) and ®, such that there
exists a linear transformation R : R"™ — Obs(F) satisfying conditions (1)-(3). Then a
straightforward induction on |a|, using conditions (1)-(3), establishes that, for all delayed
traces o € Obs(F), we have:

-1

B(a) = C (H Ma<k,k+1><a<k>>) D(a(jal)).

k=0
thus showing that (C, D(x),{M,(x) : a € E'}) is an n-dimensional representation of ®. J

In the previous proof, we saw that, to any n-dimensional representation (C, D(x), { M,(x) :
a € E}) of an observable ® € Obs(E) there corresponds in a natural way a linear transfor-
mation R : R™ — Obs(FE), which is defined to take X € R"™ to the observable X R having
(X, D(xz),{M,(x) : « € E}) as a representation. In the sequel, we shall refer to the map R
as the linear transformation associated with the representation (C, D(z),{M,(x): a € E}).

Theorem 2 An observable ® € Obs(FE) is rational if and only if it is representable. More-
over, if an observable ® is representable, then it has a representation whose dimension is

equal to the dimension of ®, and this dimension is the minimum possible among representa-
tions of .

Proof — We first show that representable observables are rational. Suppose ® has an n-
dimensional representation (C, D(z), {M,(x):a € E}). Let

R:R, — Obs(E),

be the associated linear transformation, then the image of R contains the space D*®. Since
the image of a finite dimensional vector space under a linear transformation is finite dimen-
sional, this shows that D*® is a finite dimensional subspace S of Obs(F), thus establishing
condition (1) of the definition of a rational observable. To prove condition (2) of that defi-
nition, simply observe that, for each X € R,,, the value (X R)(d) is given by the formula

XD(d),
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which is clearly a rational function of d. To prove condition (3) in the definition of a rational
observable, let ¥ € D*®, a € K, and L : D*® — R be given. Then ¥ = XR for some
X €R", and also W, o, = X M,(d)R. Thus, we have

U, o L= XM, (d)RL.

Since the right-hand side is a rational function of d (as can easily be seen by noting that
application of the linear map RL corresponds to multiplication on the right by a column
vector), condition (3) follows.

Conversely, suppose ® € Obs(F) is rational. We show @ is representable by constructing
an n-dimensional representation of ®, where n is the dimension of D*®.

Let B = {¥,V,,...,¥,} be a basis for D*®. Let €' € R" be the row vector of coor-
dinates of ® with respect to the basis B. For each = € R, the map “evaluate at x,” which
takes each W € S to its value W(x) on the delayed trace of length zero with delay parameter
x, 1s a linear functional on D*®. Since by Lemma 6, every observable in D*®, including
the W,, is rational, it follows that the quantity W,(x) is a rational function r; € Rat(x) for
1 << n. Let D(x) be the column vector having r; as its ith entry, for 1 <7 <n.

For # € R and a € E, let M,(x) be the matrix, with respect to the basis B, of the linear
transformation on S taking each W € 5 to its derivative W o . Since the mapping taking
an element of S to its W;-coordinate is linear, and since every element of D*® is rational, it
follows by condition (3) in the definition of an observable that the W;-coordinate of (W;) .,
is a rational function r;; € Rat(x). Let M,(x) be the matrix whose entries are the r;;, for
1<i<n, 1<y <n.

We claim that the triple (C, D(x),{M,(z) : a« € E}) is an n-dimensional representation
of ®. But this is clear, because the map R : R" — Obs(F) taking X € R" to the observable
¢ having (X, D(x),{M,(x) : a« € F}) as a representation is clearly a linear transformation
satisfying the conditions of Lemma 7.

Finally, note that the representation of ® constructed above has dimension n which is
equal to the dimension of D*®. Moreover, this dimension is minimal among representations
of ®, because given any m-dimensional representation of ® the image of the associated linear
transformation R : R™ — Obs(F) can have dimension at most m. If m < n, this image
cannot contain D*®. n

3.2 Examples of Rational Observables

In this section we show that certain observables of interest are representable, hence rational.
The completion probability observable I on DTraces(F) is defined by:

lor|—1 1
=11 Sy

Recall from previous sections that this observable is related to the expected probability for
a PIOA to complete a target set.
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Lemma 8 The completion probability observable 11 has a 1-dimensional representation
(€, D(@),{Mo(x) 1 a € E}),

where

¢ =) D(z) = (1) M,(z) = (/).

Proof — Obvious from the definition. ®

The completion time observable © on DTraces(E) is defined by:

lor|—1 1 lor|—1 1

Recall from previous sections that the completion time observable is related to the expected
completion time for a PIOA with respect to a target set.

Lemma 9 The completion time observable ) has the 2-dimensional representation
(€, D(@),{Mo(x) 1 a € E}),

where

c=(01) D(:z;):((l)) Ma(x):(ll//;@ 1(/)35)

Proof — For a delayed trace a of the form:
do—2dy 2 5,
where m > 0, let o denote the delayed trace
Tm—1

d1L> Ce —>dm

We may then write:

=0
B 1 (m—l 1 ) ( 1 m—1 1 )
B do k=1 Yk do * k=1 dk
1 / 1 /
] (a') + d—oﬂ(a )
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It follows from this computation that €2 and II satisfy the system of “differential equations”:
1

e = Sl
11
Q. = —I+-0Q.

d— d? d
Thus, the set B = (I Q) is a basis for D*Q. Note further that C is the row vector of
coefficients of © with respect to this basis, D(x) is the column vector of coefficients of the
“evaluate at &7 functional on S with respect to the dual basis B*, and M,(z) is the matrix,

with respect to B of the linear transformation “derivative with respect to z——" on S. It
follows that (C, D,{M, : a € E'}) is a representation of € of minimal dimension.

Lemma 10 Suppose T is a target set which is also a reqular subset of E*. Then the observ-
ables 11y and Qr are rational.

Proof — Since T is regular, it is accepted by a DFA M. Let {¢1, 42, ..., ¢} be an enumera-
tion of the states of M, with ¢; the start state. We also assume that g, is the unique accept
state of M. Since T' is pairwise incomparable under prefix, this can always be arranged, by
manipulating M if necessary.

We first construct an m-dimensional representation of Il7. Define

0
C=(10..0) py=|

For each a € F, define the matrix M, as follows:

()00 = {

To prove that this is indeed a representation of Ily, we claim that for all delayed traces

1/1‘, if qiiﬂb‘ in M,
0, otherwise.

o of the form:
aj_y

do—2dy 2 . 28,
the jth component of the row vector
-1
(T1 tusen o)

is equal to TT\—} i, if the input string «(0, 1)a(1,2)... a(l — 1,1) takes M from state ¢; to
state g;, otherwise 0. This can be shown by a straightforward induction on [. It follows from
this that for all delayed traces a of the above form, the value

¢ (ﬁ Ma(k,k+1>(a(k))) D(a(l))

k=0
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is equal to [T424 i, if the input string «(0, 1)a(1,2) ... a(l—1,1) is accepted by M, otherwise
0. But this is precisely the value of Ilz(«).

We next construct a 2m-dimensional representation of {}7. The idea is the same as that
for 7, except that we construct C, D(x), and the M,(x) in 2-dimensional blocks. Define

oo O O

C

(0100 ...00) D(z) =

O =

For each a € F, let M,(x) be the m x m matrix of 2 x 2 blocks defined as follows:

(Ma)i(2) = E 11//52 1(/)30 ) e in M,

00 :
00 ) , otherwise.

We claim that for all delayed traces « of the form:
do-225dy 2y . 224,

the jth 2-dimensional block of the row vector

¢ (H el

k=0

is equal to
-1
1/d, 0 )
0 1
ool (/e
if the input string a(0,1)a(1,2)... a(l — 1,1) takes M from state ¢; to state g;, otherwise

(0 0 ). Again, this can be shown by a straightforward induction on . It follows from this
that for all delayed traces « of the above form, the value

¢ (ﬁ Ma(k,k+1>(a(k))) D(a(l))

k=0

is equal to Q(«), if the input string (0, 1)a(1,2) ... a(l — 1,1) is accepted by M, otherwise
0. But this is precisely the definition of Qr(a).
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3.3 Rational Observables and PIOA Behaviors

In this section we prove that the class of rational observables is closed under the application
of PIOA behaviors. Moreover, a representation of Bii(®) can be effectively computed from
a representation of ®.

We first consider the case of the behavior By of a PIOA A, where £, C E.

Theorem 3 Suppose A is a PIOA. If ® is a rational observable in Obs(E), where E4 C F,
then Ba® is also a rational observable in Obs(E). Moreover, a representation of Bu® can
be effectively computed from a representation of .

Proof — Suppose ® € Obs(FE) is a rational observable, where F4 C F, and let
(€, D(2), {Ma(z) : a € B}

be an n-dimensional representation of ®. Suppose the PIOA A has m states. We show how
to construct an mn-dimensional representation

(", D'(w), {My(z) : a € E})

of BA0.

The idea is similar to that of Lemma 10. Let ¢, ¢, ..., ¢, be an enumeration of the
states of A, with ¢; the distinguished start state. Let C’ be the mn-dimensional row vector
consisting of n-dimensional blocks as follows:

C'=(C 0 ... 0).
Let D’ be the mn-dimensional column vector consisting of n-dimensional blocks as follows:

D(& +da(q1))
D'(z) = D(x + 04(q2))
D(x +44(gn))
For a € F, let M! be the mn X mn matrix consisting of n x n blocks (M);; defined by:
(M2)ij(x) = pjriMa(e + 84(q:)),

where
ti; = 1algi, a, q;)

and
L 5A(Qi)7 if a € Ekc,
Vi 1, otherwise.

The following is the basic correctness property for the above representation.
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Claim: For all delayed traces o in DTraces(F) of the form:

ar—1

dO&}ChL} Ce —>dl,
the jth n-dimensional block of the row vector:

¢’ (I_HI Mé(k,kﬂ)(a(k)))

k=0
is equal to the following sum:
-1
> C (H Mo (ko (k) + 5A(U(k)))) wa(o),
o€Execy(a,q5) k=0

where Execa(a, q;) denotes the set of all executions of A of the form:
Toﬂﬂ"l& ce Eﬂ"l,

with ro = q1 and r; = q;.
To see that the theorem follows from the claim, note that, in view of the definition of D',
the quantity

& (H M (alh)) D'l

is equal to )
i ( )C (kli[ Mo (k1) (ak) + 5A(U(k)))) D(a(l) +d4(a(l))) wa(o),

which in turn is equal to

> ®(oc @ a)wa(o),

oxXo

or, more simply,

Bida.
To prove the claim, we proceed by induction on [. The basis case [ = 0 simply asserts

that
, C, =1,
(") = { J

0, otherwise,

which is true by definition of C".
Suppose now the result has been established for [ > 0 and consider the case of { + 1.
Given delayed trace « of the form:

do25dy 25 . “Lodyy
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let o’ denote the prefix of length (:

ar—1

dO&}ChL} Ce —>dl,

We observe:

T M0 ) = (T Megps (o)) M ()

Applying the induction hypothesis and using the definition of Mé(u_l_l)(oz(l)) we have:

) = i{ Y (I Moty + o4 wA<o>}

=1 o€Execy( k=0

Moy (all) + 0a(o (1)) taijVai-

But this is easily seen to be equal to:

r o« (H Mogesn(a(k) + 5A<a<k>>>) (o),

oc€Execy k=0

as required. J

We now show how to extend the previous result to the case of Ba, where we do not

necessarily have F4 C E. If E C E', then define the map |- |g : Obs(E’) — Obs(E) by:
[W]p(e) = > U(a').

a'ba

Note that the sum on the right need not converge, in general, so that [¥]g will be defined
only for certain W € Obs(F£’).

The following result states that the F-behavior of A is determined by the (F U E4)-
behavior of A.

Lemma 11 Suppose A is a PIOA. Then for all sets of actions E, for all observables ® €
Obs(FE U E4), and for all delayed traces o € DTraces(F) we have:

Béq)oz = Z BéuEA(I)O/ = [BSUEA(I)]E(O‘)'
a'>a

Proof — Write out the definition and observe that for an execution o of A we have ¢ x o
if and only if there exists a unique o € DTraces(F U E4) such that o/ > a and 0 « o'.

In view of Lemma 11, the map [- |g allows us to reduce the problem of computing a
representation of Ba® to that of computing, given a representation of an observable ¥ €
Obs(E U E4), a representation of the observable [U]g € Obs(F). This is the content of
Theorem 4 below.
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Lemma 12 Suppose E C E'. Suppose further that S is a linear subspace of Obs(E') such
that:

1. DS CS.
2. [W]g is defined for all U € S.

Then the following relations are satisfied for all W € S, alld € R, and all a € E:

(W)e)ye, = W, ]o+ X ([0, ]6)

W' €E\E d—

Wp(d) = W(d)+ X [ ]p(d)

W' €EN\E
Proof — To prove the first relation, observe that if o/ 1> (d——a), then either
1. o is d-*+a", where o > a, or
2. dis dim/’, where o > (d—a).

Thus, assuming [V]g is defined, we may write:

([¥]p), c0 = 3 W(d-=a")+ 3 S U(d-a)

al'>a a’'eE\E oz”l>(d—a—>oz)

= Wyalsat > (¥, wlp) .o

W/ EEN\E d

from which the first relation follows.
To prove the second relation, observe that if o' > d, then either

1. &' is d, or
'
. a
2. o is d—a", where o' > d.

Thus, we may write:

[Wlp(d) = W(d)+ > 3 U(d-a")

W/ EEN\E o''1>d

= V() + > [V, . ]e(d),

d—
a'€eEN\NE

which is the second relation.
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Theorem 4 Suppose (C',D'.{M!, : ' € E'}) is a representation of an observable ®' &
Obs(E'"), and suppose E C E', and suppose | - | is well defined on D*®'. Suppose further
that the power series:

[+ M(x)+ M*(z) + ...

converges (componentwise) for all nonnegative x € R, where we define

)= Y M),

a’'eE\E

Then the matriz [ — M(:L') is nonsingular for all nonnegative + € R, and an n-dimensional
representation of [®'g is given by

(€', (I = M(x))7'D'(2), {(I = M(x))"' My () s a € E}).

Proof — First, note that it is easy to show that the componentwise convergence of the
indicated power series implies that [ — M (x) is nonsingular, and its inverse is the sum of the
series.

Now, let R : R" — Obs(E) be defined by:
XR=[XR]g,

where R’ : R"™ — Obs(FE’) is the linear transformation associated with the given represen-
tation of ®’. Clearly, the linearity of R follows from that of R’ and the fact that [- g is
well-defined, hence linear by the form of its definition, on D*®’. We claim that R satisfies
the three conditions of Lemma 7 with respect to the data (C, D(x),{M,(x) : a € E}), thus
the latter is a representation of [®']z.

1. That CR = [®']g is immediate by construction.

2. From Lemma 12 (1), the following relation holds for all ¥ in D*®’ all d € R, and all
a € I
(V]g), o, =[P, aln+ D (W, le) o
a’eE\E
Thus, using the fact that (C’, D'(x),{ M. (x): a’ € E'}) is a representation of ¢’, for
allY e R, all d € R, and all « € F we have:

(YR), o, =Y MR+ >, (YMy(d)R)

a’'eE\E

d—25

Rearranging terms using linearity and using the definition of M(:L'), we have

(Y(I = M(d)R),«, =Y M,(d)R.

d

27



Since this holds for all Y € R"™, it certainly holds for Y = X (I — M(d))_l, hence

(XR) o, = (X(I—M(d))"" My(d)R
= XM,(d)R

holds for all X € R”, all d € R, and all « € E, as required.
3. From Lemma 12 (2), the following relation holds for all ¥ in D*®’ and all d € R:

(W]g(d) = ¥(d)+ > [¥, . ]6(d).

W/ EENE

Thus, using the fact that (C’, D'(x),{M!,(z): a’ € E'}) is a representation of ¢, for
all Y € R™ and all d € R, we have:

(YR)(d) =YD'(d)+ > (VMu(d)R)(d).

a'€EN\E
Rearranging terms using linearity and using the definition of M(z), we have
(Y(I = M(d))R)(d) = YD'(d).
Since this holds for all Y € R”, it certainly holds for Y = X (I — M(d))™", hence
(XR)(d) = X(I — M(d))™* D'(d)
holds for all X € R” and all d € R, as required.

|
We now obtain sufficient conditions for the technical hypotheses of the previous theorem

to hold.

Lemma 13 Suppose M is an n X n matriz over an arbitrary field. If the matrizc [ — M s
nonsingular, then its inverse (I — M)™' is the unique solution X to the equation:

X=1+MX.

Proof — Since

(1= M)(I = M) =1,

we have

(I—M)™" =M —M)" =1,

hence

(I—M)" ' =1+M(I-M)",

28



so that (I — M)~ solves X =T + M X.
Suppose X and X' are both solutions to the above equation. Then

X—X'=MX-X),

hence

(1= M)(X — X') =0
Multiplying both sides by (I — M)™!, we have
X— X' =0,

hence X = X'. n

Lemma 14 Suppose M is an n X n matriz over the reals such that
1. M >0 componentwise.

2. The matriz [ — M is nonsingular, and its inverse (I — M)~ satisfies (I — M)™" >0
componentwise.

Then the power series:

T+ M+ M +...

converges componentwise to (I — M)™!.

Proof — An inductive argument, using the fact that M > 0 and that (I — M)~ > 0 and
satisfies X = I + M X, shows that:

0<I<I+MLZIT+M+M<...<(I-M)"!

holds componentwise. This shows that the power series is bounded componentwise, hence
converges componentwise. Clearly then the sum is a solution to X = I + M X. But by
Lemma 13, (I — M)~! is the unique solution, hence it is equal to the sum.

Corollary 15 Suppose (C', D'(x),{M;, : a’ € E'}) is a representation of ®" € Obs(L'), and
suppose I/ C E'. Let M(x) = Y epng M;/(x). Suppose

1. My(x) >0 and D'(x) > 0 componentwise for all «’ € E' and all nonnegative x € R.

~

2. For all x € R, the matriz [ — M(x) is nonsingular, and its inverse satisfies (I —
M(z))™' > 0 componentwise.

Then the power series: ) )
I+ M)+ M*(z)+ ...
converges componentwise for all nonnegative x € R, and [V]g is defined for all W € D*@’.
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Proof — By Lemma 14, the hypotheses imply the componentwise convergence of the indi-
cated power series.

It remains to be shown that [V]g is defined for all ¥ € D*®’. Now, if ¥ € D*®’, then
U = X R for some X € R", where R’ : R" — Obs(FE’) is the linear transformation associated
with the given representation of ®’. We show that [U]g is is defined in case X > 0 holds
componentwise; the case of arbitrary W in D*®’ follows easily from this by linearity, using
the fact that an arbitrary X € R" can be written uniquely as X = X+ — X, where X* >0
and X~ > 0 hold componentwise.

Suppose, then, that X > 0 holds componentwise. Let a € DTraces(E) be arbitrary,
and suppose o/ € DTraces(E’) satisfies o’ > «, with corresponding monotone injection ¢.
Suppose |o'| = n. Then the fact that (X, D'(x),{M!, : a’ € E'}) is a representation for W
gives us the following formula for ¥(a'):

$(1)-1
V(o) ( I Mo ) M, (do)
k=¢(0)
#(2)-1
( Méz’ ) Mél(dl)
k=(1)

( H )M'U(d )) M, (doy)
k=g (n—2

( H Mé/<k)(dn)) D'(dy).

k=6(n—1)

As all terms in the above formula are nonnegative, summing the above formula over all o/ >«
we obtain:

>0 (o) < X(I = M(do))™ M, (do)

(1 = M(d))™" My, ()
(= M(dz)) M, (dny)
(1 = M(d,)"' D'(dy).

In particular, the above summation converges. But this summation is the definition of

[W]p(a). 1

3.4 Example

We now apply the method of the previous section to calculate the completion probability
and expected completion time for a simple example.
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a

(d) > (0)
q0 [p] ql

Figure 2: Example PIOA for Calculation of Expected Completion Time

Let A be the PIOA with F4 = {t¢,a}, where t is an internal action and « is an output
action, with Q4 = {qo, ¢1}, where o is the start state, with pa(qo,a,q1) = p, palqo,t,q) =
1 — p, and pa(gi,da’,q;) = 0 for all other cases, and with d4(q0) = d and d4(q1) = 0 (see
Figure 2). Let T be the target set consisting of the single string «.

We wish to calculate the completion probability for A with respect to T', and the expected
completion time for A with respect to T'. Note that for this simple example, it is possible
to carry out by hand a non-compositional method for determining these quantities. In
particular, the expected completion time x satisfies the following linear equation:

r=1/d+(1—pr+p-0,

which expresses the expected completion time from state ¢y as the sum of the expected
“dwell time” in state ¢o, plus the sum of the expected delays from the successor states ¢q
and ¢, of gy, weighted respectively by the probability of transitions to these successor states.
Solving this equation for x yields the result:

z=1/dp

In a similar fashion, the completion probability can be shown to be 1.

We now apply the theory of the preceding sections to provide an alternative calculation of
the same quantities. We wish to emphasize that, although the calculations are more involved
for this simple example, the real advantage of our method over the “equation-solving” method
will be realized on very large systems having many components. For these cases, the non-
compositional equation-solving method will yield an unmanageably large system of equations
to be solved, whereas our method can be applied one component at a time, potentially
avoiding thereby a similar explosion in the size of the data to be stored (assuming, of course
that we systematically apply the minimization algorithm to be presented in Section 3.5).

Following the theory of the preceding sections, the completion probability for the above
example is given by:

By'TI7(0)

and the expected completion time is given by:
Bj'Qr(0)
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To calculate the completion probability, we first note that the observable 24 has the
4-dimensional representation given by:

0

0

Cop,=(0 10 0) D)= | |

0
00 1/z 0 /= 0 0 0
100 1/2% 1/a 1/z? 1/z 0 0
Mox)=14¢ 0 o 0 Mix)=1 "9 4 o 0
00 0 0 0 0 0 0

For Iy, we simply replace Cq,. by
Cn,=(1 0 0 0).

This does not give a representation of minimal dimension, but this is not required.
From the above, using Theorem 3, we can compute an 8-dimensional representation for

BéAQTi

0

0

1

Cap,=(0 100000 0) D(:z;)zg

0

1

0
000000 -2 0
d,
0700000 e o
000000 0 0
Myz)=| 000000 0 0
000000 0 0
000000 0 0
000000 0 0
000000 0 0
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My(x) =

For BE‘AHT, we replace Cq,. by

O OO OO0 O O

O OO OO0 O O
O OO OO0 O O
O OO OO0 O O

O OO OO0 O O
O OO OO0 O O

Cy,=(1 000000 0)

Next, we wish to compute representations for

and

Bl = [By 1l

By Qr = By, Qrly;
We first compute the matrix [ — M(:L') = (1 — M,(x) — My(x)):

ST
_ d(1—p r+dp
(z+d)? z+d
0 0
0 0
0 0
0 0
0 0
0 0
Using a computer algebra system (GNU
we obtain:
z+d
r+dp
d(1-p z+d
(z+dp)?  w+dp
0 0
0 0
0 0
0 0
0 0
0 0

H @00 oo o O

O oD oo~k O O

jam)

O OO o= O O O

O OO = O O O

0

O OO RO o O O

OO OO O O

0

0

OO OO o O

O R O OO o O

0

dp

From this, we can calculate the completion probability.

Criy (I = M(x))™' D(x) =

33

_— o O O O

macs Calc 2.02) to invert this matrix symbolically,

z+dp
dp dp
(z+dp)?  w+dp
0 0
0 0
0 0
0 0
1 0
0 1
dp
z+dp



Evaluating at © = 0 and assuming dp # 0 yields the result: 1.
We can also compute the expected completion time.

N dp
I—M(2))'D(z) = ———.
Evaluating at = = 0 gives:
1
dp’

3.5 Minimization of Representations

In this section, we present an algorithm that, given a representation (C, D,{M, : a € E})
for an observable ®, computes a representation (C', D', {M, : a € E}) for ® which is of
minimal dimension.

We first obtain necessary and sufficient conditions for a representation to be minimal.

Lemma 16 Suppose (C, D(x),{M,(x) : « € E}) is an n-dimensional representation of an
observable ® € Obs(E). Then this representation is minimal if and only if the associated
linear transformation

R:R" — Obs(E)

is an isomorphism from R" to D*®.

Proof — If R is an isomorphism from R" to D*®, then the dimension of D*® must be n,
thus showing that the representation is minimal.

Conversely, if the representation is minimal, then D*® must have dimension n. Since
D*® is contained in the image of R, it follows that the image of R has dimension at least n.
But the image of R can have dimension no more than n (the dimension of its domain, R"),
hence the image of R has dimension exactly n. Thus, R is injective and D*® coincides with
the image of R, showing that R is an isomorphism from R" to D*®.

Lemma 17 Suppose (C, D(x),{M,(x) : « € E}) is an n-dimensional representation of an
observable ® € Obs(E). Then this representation is minimal if and only if neither of the
following two (infinite) systems of equations has any nontrivial solutions:

1. The set of all equations of the form
-1
X ([T M, (d))D(dr) = 0

k=0

in the unknown row vector X, where | ranges over all nonnegative integers, the ay
range over all elements of K, and the dj, range over all nonnegative reals.
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2. The set of all equations of the form

in the unknown column vector Y, where | ranges over all nonnegative integers, the ay
range over all elements of K, and the dj, range over all nonnegative reals.

Proof — We first show that a nontrivial solution either to system (1) or system (2) would
imply that the representation is non-minimal. Let R: R" — Obs(E) be the linear transfor-
mation associated with the representation.

If system (1) has a nontrivial solution X, then that would imply that the observable X R
is identically zero. But then (¢X)R = ¢(XR) =0 = XR for all ¢ € R, showing that in this
case the mapping R cannot be injective. It follows by Lemma 16 that the representation
cannot be minimal.

If system (2) has a nontrivial solution Y, then that means Y is orthogonal to the subspace
of R™ spanned by all vectors of the form C([Tiy My, (dy)). But then the dimension of this
subspace must be strictly less than n. Since D*® is contained in this subspace, it follows that
the dimension of @ is strictly less than n, so that an n-dimensional representation cannot be
minimal.

Conversely, suppose that the representation is non-minimal. Then by Lemma 16 the
mapping R is not an isomorphism of R™ to D*®. Then either R is not injective, or else the
image of R contains an observable that is not in D*®. If R is not injective, then XR = X'R
for some distinet X and X’ in R”. This implies (X — X’) R is the identically zero observable,
which then implies that X — X’ is a nontrivial solution to system (1). Suppose now that
the image of R contains an observable ¥ that is not in D*®. Then W is independent of all
observables X R, where X can be expressed in the form

-1

X = C(H Mak(dk))v

k=0

so that the space spanned by such observables has dimension strictly less than n. Since we
have already shown that R is injective, it follows that the subspace of R™ spanned by the
set of all X that can be expressed in the above form also has dimension strictly less than
n, hence is a proper subspace of R™. Therefore, there exists a nontrivial ¥ € R”™ which is
orthogonal to this subspace. Such a Y is a nontrivial solution to the system (2). j

Lemma 18 There exist algorithms for:

1. Computing a basis for the subspace of all n-dimensional row vectors X € R"™ that
satisfy a system of identities of the form:

XDj(z)=0, all nonnegative x € R,1 <7 <m
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where Dy (x), Da(), ..., Dpn(x) are given n-dimensional column vectors with entries in

Rat(x).

2. Computing a basis for the subspace of all n-dimensional column vectors Y € R"™ that
satisfy a system of identities of the form:

Ci(zx)Y =0, all nonnegative x € R,1 <53 <m

where Cy(x), Cy(x),...,Ch(x) are given n-dimensional row vectors with entries in

Rat(x).

Proof — We only prove (1), the proof of (2) is analogous. Suppose

dji ()
Dite) = | )
djn ()
A row vector
X=(a1 22 ... x,)

satisfies the jth identity if and only if the rational function
1dji(x) + xodja(x) + ..+ xpdj, ()

is identically zero. By expressing each d;;(x) as a quotient of polynomials in @, combining
the above terms over a common denominator, reducing by cancellation of factors common
between the numerator and the denominator, and then equating the coefficient of each power
of x in the numerator to zero, we obtain a homogeneous system of linear equations in the
unknowns xy, a,...,x,, with the property that a row vector

X=(a1 22 ... x,)

solves this system if and only if it is a solution to the jth identity. Solving simultaneously
the m systems of linear equations obtained in this way yields a basis for the space of all row
vectors X that simultaneously satisfy the original identities. J

Lemma 19 There exist algorithms that:

1. Given D(x) and {M,(x) : a € E}, compute a basis for the solution space of the system
of all equations of the form:

-1
X(] Ma(d))D(di) =0,  1>0.a5€ E,dp € R.dy >0

k=0
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2. Given C and {M,(x) : a € E}, compute a basis for the solution space of the system of
all equations of the form:

-1
C(HMak(dk))YZO lZO,akEE,dkER,deO

k=0

Proof — (1) The algorithm is based on the observation that if S denotes the solution space,
then S = N2, Sk, where

So={X€eR": XD(x)=0, all z € R},
and
Sir1 =S N{X € R": XM,(x) € S, all a € E,z € R}.

The algorithm works by successively computing a basis for each Si, until a point is reached
where St11 has the same dimension as S, which implies that Sy = S, = 5.

We now give the full description of the algorithm. First, apply Lemma 19 to obtain a
basis

Bo — {B017 BOQ, . e BOnO}

for the subspace Sy of R". Then, repeat the following step until no further reduction in
dimension is achieved:

e Given a linearly independent set By = {Bj1, Bi2, - .., Bn, }, spanning a subspace Sy
of R™, solve the system of simultaneous linear equations:

By;Y =0, (1<J<n)

to obtain a basis

Ck — {Ck170k27 . 7Ckmk}

for the orthogonal complement Si- of Sj,. Then, apply Lemma 19 to solve the system
consisting of the equations (1) and identities (2) below:

1.

XCy =0, (1 <7 <my)

XMa(x)Ck]:07 (1§]§mk7a€E7x€R)

to obtain a basis
Bk-l-l = {Bk+1717 Bk+1727 SRR Bk+17nk+1}

for a subspace Siy1 of R". Observe that Sy is a subspace of Si, due to the presence
of the equations (1).
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We claim that when the above step yields no further reduction in dimension (i.e. ngy1 = ng),
then the resulting set By is a basis for the space S of solutions X to the set of all equations

of the form: -

X(TT Moy (d))Dids) = 0.
k=0
For, clearly S = NgSk. Moreover, when Sy = Sg, then Sp = Sy for all &' > k, and hence
Sk =5.
(2) is proved in an entirely analogous fashion, using the observation that if S denotes the
solution space, then S = NSk, where

So={Y e R": CY =0},

and

Sk+1 =5 N {Y e R™: Ma(l')y - Sk, all a € E,l‘ € R}

Lemma 20 Suppose (C, D(x),{M,(x) : « € E}) is an n-dimensional representation of an
observable ® € Obs(FE). Suppose the system of all equations of the form:

-1

X(IT Mo, (dr)D(dy) = 0.

k=0

has a nontrivial solution X. Let m be the dimension of the solution space. Then ® has
an (n — m)-dimensional representation (C', D'(x),{M!(x) : a € E}), which is effectively
computable from the given n-dimensional representation.

Proof — Using Lemma 19, we can compute a basis B = {By, Ba, ..., B, } (of row vectors)
for the solution space S of the above system of equations and a basis C = {C1,Cs,....Cph_p}
for the orthogonal complement S+ of S. Assume that the basis C is orthonormal, which can
be ensured using the Gram-Schmidt procedure. Let Pgi be the (n x (n — m))-dimensional
matrix of the projection of R"™ (row vectors) to S+, with respect to the basis C for S* and
the natural basis for R™. Explicitly, for 1 < < n — m, the ith column of the matrix Ps.
contains the components of the basis vector C;. Let Qg = P{., which is the ((n —m) x n)-
dimensional matrix of the embedding of St in R"™, with respect to the basis C for St and
the natural basis for R”.

Before proceeding to exhibit the (n—m)-dimensional representation for ®, we first observe
that the following relationship holds for all a € E:

PsJ_QsJ_Ma(l’)PsJ_ = Ma(w)PsJ_.

This is because of the fact that, for an arbitrary vector X, the vector X — X Pg1(Q)g1 is the
orthogonal projection of X onto the subspace S of R™. From the defining condition for S,
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it is easy to see that S is invariant under M, (x); that is, if X € S, then also XM, (x) € S.
Thus the vector
XMa(l') — Xsz_QsJ_Ma(l’)

is also in S, hence

XMa(IL')PsJ_ — Xsz_QsJ_Ma((E)PsJ_ == 0,

that is to say,
XMa(l’)PsJ_ = Xsz_QsJ_Ma(l’)PsJ_.

Since X was arbitrary, the relation
Ma(l’)PsJ_ = PsJ_QsJ_Ma(l’)PsJ_

follows. Similar reasoning establishes D(x) = Ps. Qg1 D(x).

We now define €’ = C' Py, Mi(x) = Qs: M,(2)Psy, and D'(2) = Qg1 D(x). We claim
that that (C7, D'(x),{M!(x) : a« € E}) is also a representation of ®. To show this, it suffices
to show that

C (;f:[; Mak(dk)) Py = (" (;EJ M;k(dk)) (1)

for all delayed traces
aj_y

dO—aO—>d1L> Ce —>dl.
For then, since D(x) = Ps1 Qs D(x), it follows that

¢ (H M) D) = (H M (4] Qs DL

= C (ﬁ Mak(dk)) Ps1Qs1D(dy)

k=0

= C (ﬁ Mak(dk)) D(dy).

k=0

To prove the stated equations, we proceed by induction on . If [ = 0, then
Csz_ - Cl

is simply the definition of C’. Suppose now that the stated equations hold for all delayed
traces of length [ or less, and consider a delayed trace:

doSrdy 5 L “Lodyy.
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Then, using the induction hypothesis and the definition of M; (d;), we have

(T M, ) = 0'<klj M), (de)) M, ()

= (] Ma,(di))Psr Qs M, (d)) Pse.

k=0

But, as we have observed, PsiQg1 M,,(d;)Psr. = M, (d;)Psy, hence the last term above is

equal to:
I

C(IT Ma,(di)) Pse

k=0

as required. J

Lemma 21 Suppose (C, D(x),{M,(x) : « € E}) is an n-dimensional representation of an
observable ® € Obs(FE). Suppose the system of all equations of the form:

-1

C(I] Ma, (i)Y =0

k=0

has a nontrivial solution Y. Let m be the dimension of the solution space. Then ® has
an (n — m)-dimensional representation (C', D'(x),{M}(x) : a € E}), which is effectively
computable from the given n-dimensional representation.

Proof — Using Lemma 19, we can compute a basis C = {C1,Cs, ..., Cy} (of column vectors)
for the solution space S of the above system of equations and a basis B = {By, By, ..., Bu_n}
for the orthogonal complement S+ of S. Assume that the basis B is orthonormal, which can
be ensured using the Gram-Schmidt procedure. Let Pgi be the ((n — m) x n)-dimensional
matrix of the projection of R™ (column vectors) to S+, with respect to the basis B and the
natural basis for R”. Explicitly, for 1 <1 < n — m, the ith row of the matrix Pg1 consists
of the components of the basis vector B;. Let Qg1 = (Ps1)", the (n x (n —m))-dimensional
matrix of the embedding of St in R”, with respect to the basis B and the natural basis for
R".

We now define €’ = CQgr, M.(2) = Pss M,(2)Qgr, and D'(z) = PgrD(z). We claim
that that (C7, D'(x),{M.(z) : a € E}) is also a representation of ®. The proof is essentially
a “time-reversed” version of the proof of Lemma 20. We use the invariance of S under left
multiplication by M, () to establish the relations:

PsJ_Ma(l') = PsJ_Ma(l’)QsJ_PsJ_,

C — CQsJ_PsJ_,
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then use these relations to prove that:

(H M) Dl (H i) D/ )

for all delayed traces
do—"%dy " ... "5,

The stated equations follow from this.

Theorem 5 There exvists an algorithm that, given an n-dimensional representation
(€, D(z),{Mu(2) 1 a € E})

of an observable ® € Obs(FE), outputs an m-dimensional representation (C', D'(x),{M!(x) :
a € EY}) of ®, which is minimal.

Proof —

1. Determine the space of solutions X to the system of all equations of the form:
-1
X(IT Mo, (dr))D(dy) = 0.
k=0

If this space is nontrivial, use Lemma 20 to produce an n’-dimensional representation
of ®, where n’ < n.

2. Determine the space of solutions Y to the system of all equations of the form:
-1
C(I] M., (dr))Y =0
k=0

If this space is nontrivial, use Lemma 21 to produce an n”-dimensional representation
of ®, where n” < n'.

Let

(", D), {M(x)  a € B})
denote the n”-dimensional representation resulting from step (2). Letting Pg: and Qg
denote the projection and embedding matrices constructed in performing step (2), and using
the property PsiM!(z)Qg1Pgi = Psi M!(z), for all a), € E and all nonnegative d,, € R™"
we have:

-1
H M// D// dk) — X(H PsLMék(dk)QsJ_)PsJ_D/(dk)
k=0
-1
= XPou(I] M, () D'(d).

k=0
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Thus, if the system of equations:
H M// D// dk) 0

had a nontrivial solution X, then X Pg:. would satisfy:

-1

(X Pou )(IT M, () D/ (di) = 0.

k=0

Since the mapping from R™" to R"™ defined by multiplication on the right by Ps. is injective
(recall that multiplication on the left by Psi is a projection), it follows that X Pgi # 0 if
and only if X # 0. Since step (1) guarantees that we cannot have any X Ps. # 0 satisfying
the above equations, it follows that step (2) does not introduce any additional possibility of
nontrivial solutions X to the system of the form (1). Since the n”-dimensional representation
resulting from step (2) thus satisfies the conditions of Lemma 16, it is minimal.

3.6 Example

To illustrate the minimization algorithm, we now apply it to the 8-dimensional representa-
tion of the observable BéAQT obtained in Section 3.4, to obtain a minimal, 3-dimensional
representation for this same observable.

Recall the 8-dimensional representation from Section 3.4:

0
0
1
Co,=(0 100000 0) D(:z;)zg
0
1
0
ooooooé—pdd
P
000000 % 25
000000 0 0
My)=| 000000 0 0
000000 0 0
000000 0 0
000000 0 0
000000 0 0

.
o



G 9 000000
5 00000
0 0 000000
Myr)=| O 0 000000
0 0 000000
0 0 000000
0 0 000000
0 0 000000

Dy = {D:}
where
0
0
1
0
Dy = 0
0
1
0

is a basis for the orthogonal complement Sy of
So={X eR*: XD(z) =0, all z € R}.
To obtain 57, we solve simultaneously:

XDy =0, XM/(2)D;=0,  XM(2)D;

that is,
d
0 ﬁ 0
4
0 (z+d)? 0
1 0 0
0 0 _ 0
X o | = 0, X 0 =0, X 0
0 0 0
1 0 0
0 0 0
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Obviously, the third equation is vacuous. In view of the fact that the two components of the
vector in the second equation are independent rational functions, a basis for the orthogonal
complement of the space S} is as follows:

Dl = {D17D27D3}7

where
1 0
0 1
0 0
R I T
0 0
0 0
0 0

We now proceed to solve simultaneously the system of identities:
XD1:O, XDQZO, XD3:O,

XM, (x)Dy =0, XM, (x)Dy =0, XM, (x)Ds =0,

XM (x)Dy =0, XM (x)Dy =0, XM (x)Ds = 0.

The equations involving D; are the same as we had at the previous stage. The first of the
M;(x) equations is vacuous, as are the second two of the M,(x) equations. The remaining
new equations are:

d(1—p 0
z+d

d(1—p) d(1—p

(z+d)? r4+d
0 0

x| 0 =0 x| 9 [=o0

0 0
0 0
0 0
0 0

It is easily seen that the solution space of these equations is the same as the space 57, so
that a fixed point S has been reached, which is the (5-dimensional) space of solutions of the
original system. A basis for the complement of S+ is D, which after orthonormalization
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gives:

0 1 0
0 0 1
2 0 0
=l o |. m=|, | m=],
0 0 0
V2 0 0
2
0 0 0
The projection and embedding matrices Pg1 and Qg1 are as follows:
0 10
0 01
20 0
20 0 00 2000 %2 0
PsJ_:OOO @st=]110 0 000 0 0]
0 0 0 01 0 000 0 O
200
2
0 00

We now compute a new, three-dimensional representation:

V2
C'=CP=(0 0 1) DQD(O)
0

0 0 0 0 0 0

Mi(x) = QM (x)P = | F5% 00 M(2) = QM(x)P = | 0 4=F g
V2 _dp 0 0 0 d(l—p) d(1-p)
2 (z+d)? (z+d)? z+d

If we attempt further reduction on the above representation, by solving the system:
-1
C'(IT Mz, (d)Y =0,
k=0

we find that there are no nontrivial solutions. Thus, we have found a minimal representation
for the originally given observable.
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